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The quantum electrodynamic theory of the nuclear recoil effect on the atomic g factor to all
orders in αZ and to first order in m/M is formulated. The complete αZ-dependence formula for
the recoil correction to the bound-electron g factor in a hydrogenlike atom is derived. This formula
is used to calculate the recoil correction to the bound-electron g factor in the order (αZ)2m/M for
an arbitrary state of a hydrogenlike atom.
I. INTRODUCTION
High precision direct measurements of the bound-electron g factor in low-Z hydrogenlike ions, which are performed
by a GSI - Universita¨t Mainz collaboration [1,2], have triggered a great interest to the calculations of QED and nuclear
corrections to this effect [3–12]. It is expected that in nearest future the collaboration will extend these measurements
to high-Z systems. The accurate measurements of the g factor in heavy ions would provide a good possibility for a
test of the magnetic sector of QED in a strong Coulomb field. To date, investigations of the bound-electron g factor in
heavy ions were performed only by an indirect method [13] which is based on using the fact that the bound-electron
g factor can be expressed in terms of the transition probability between the hyperfine splitting components [14,15].
In particular, in the case of hydrogenlike bismuth, it was found that including the QED correction to the g factor is
necessary to obtain agreement between theory and experiment (see [15,16] for details). However, the indirect method
can not provide so high accuracy as the direct method if the latter is extended to high-Z systems.
It is known (see, e.g., [16,17]) that calculations of heavy ions have to be performed without any expansion in the
papameter αZ. In particular, it means that, to zeroth-order approximation, the electron in a hydrogenlike atom must
be described by the Dirac equation with the Coulomb potential induced by the nucleus. For the point-charge nucleus,
the bound-electron g factor in a hydrogenlike atom is easily calculated analytically (see, e.g., [18]). The one-loop
QED corrections to the 1s g factor were calculated to all orders in αZ in [3–6] (see also [7]). The finite nuclear size
correction can be found by solving the Dirac equation for an extended nucleus [4,13]. For low- and middle-Z atoms,
this correction can also be found by non-relativistic and approximate relativistic formulas [8,19]. The nuclear recoil
correction to the 1s g factor was evaluated only to the lowest order in αZ [20–23] (see also [24,12]). The methods
developed in [20–23] are suitable for calculations to a few lowest orders in the parameter αZ and are not intended
for calculations of the recoil effect to all orders in αZ. Therefore, first of all we need to develop a new method which
would provide a systematic treatment of the recoil effect on the g factor to all orders in αZ and to first order in
m/M (m is the electron mass and M is the nucleus mass). Such a method is proposed in the present paper. This
method is valid for the general case of a many-electron atom. Apllieng the method to a hydrogenlike atom, the
complete αZ-dependence formula for the recoil correction to the g factor is derived. To the lowest relativistic order
(∼ (αZ)2m/M), this formula is used to calculate analytically the recoil correction to the g factor in the case of an
arbitrary state of a hydrogenlike atom. For the 1s state, the result obtained in this paper coincides with the related
result obtained previously in [20–23].
The relativistic units (h¯ = c = 1) and the Heaviside charge unit (α = e2/(4π), e < 0) are used in the paper.
II. QUANTUM ELECTRODYNAMICS TO FIRST ORDER IN m/M BEYOND THE FURRY
PICTURE
To derive the Hamiltonian of the atom to first order in m/M and to lowest order in α (but to all orders in αZ),
we start with the relativistic quantum mechanical treatment of the electrons and the non-relativistic treatment of the
nucleus. For simplicity, we consider the nucleus as a spinless particle. The electrons and the nucleus interact with each
other, with the quantized electromagnetic field, and with the classical homogeneous magnetic field, Acl(r) = [H×r]/2.
In the Coulomb gauge and the Schro¨dinger representation, the Hamiltonian of the system to first order in the
interaction with Acl(r) is
H =
N ′∑
i=1
[αi · p(e)i + βim+ V (r(e)i − r(n))− eαi ·A(r(e)i )]
1
+
1
2
∑
i6=k
α
|r(e)i − r(e)k |
+
1
2M
[p(n) − |e|ZA(r(n))]2
+
1
2
∫
dx [E2t (x) +H2(x)]
−e
N ′∑
i=1
αi ·Acl(r(e)i )−
|e|Z
M
p(n) ·Acl(r(n)) , (1)
where N ′ is the total number of the positive and negative energy state electrons, p
(e)
i and p
(n) are the electron and
nucleus momentum operators, respectively, V (r
(e)
i − r(n)) is the operator of the electron-nucleus Coulomb interaction,
A(r) is the vector potential of the quantized electromagnetic field, H = ∇ × A, and Et = −∂A/∂t. The last two
terms in equation (1) describe the interaction of the electrons and the nucleus with the homogeneous magnetic field.
We introduce the center-of-mass variables for the electron-nucleus subsystem
R =
1
M +N ′m
(
Mr(n) +m
N ′∑
k=1
r
(e)
k
)
, (2)
ri = r
(e)
i − r(n) . (3)
From these equations we derive
r
(e)
i = ri +R−
m
M +N ′m
N ′∑
k=1
rk , (4)
r(n) = R− m
M +N ′m
N ′∑
k=1
rk . (5)
For the corresponding momentum operators (P = −i∇R, pi = −i∇ri), we obtain
p
(e)
i = pi +
m
M +N ′m
P , (6)
p(n) =
M
M +N ′m
P−
N ′∑
k=1
pk . (7)
To keep in the Hamiltonian (1) the terms of zeroth and first orders in m/M , we can replace equations (4)-(7) by the
following ones
r
(e)
i = ri +R−
m
M
N ′∑
k=1
rk , (8)
r(n) = R− m
M
N ′∑
k=1
rk , (9)
p
(e)
i = pi +
m
M
P , (10)
p(n) = P−
N ′∑
k=1
pk . (11)
With these substitutions, the individual terms in equation (1) are transformed as
N ′∑
i=1
αi · p(e)i =
N ′∑
i=1
αi · pi + m
M
N ′∑
i=1
αi ·P , (12)
N ′∑
i=1
V (r
(e)
i − r(n)) =
N ′∑
i=1
V (ri) , (13)
2
−e
N ′∑
i=1
αi ·A(r(e)i ) = −e
N ′∑
i=1
αi ·A
(
ri +R− m
M
N ′∑
k=1
rk
)
= −e
N ′∑
i=1
αi ·A(ri +R)
+e
m
M
[( N ′∑
k=1
rk · ∂
∂ξ
)( N ′∑
i=1
αi ·A(ξ)
)]
ξ=ri+R
, (14)
1
2
∑
i6=k
α
|r(e)i − r(e)k |
=
1
2
∑
i6=k
α
|ri − rk| , (15)
1
2M
[p(n) − |e|ZA(r(n))]2 = P
2
2M
− 1
M
P ·
N ′∑
k=1
pk +
1
2M
( N ′∑
k=1
pk
)2
−|e|Z
M
P ·A(R) + |e|Z
M
( N ′∑
k=1
pk
)
·A(R) + e
2Z2
2M
A2(R) , (16)
−e
N ′∑
i=1
αi ·Acl(r(e)i ) = −e
N ′∑
i=1
αi ·Acl
(
ri +R− m
M
N ′∑
k=1
rk
)
= −e
N ′∑
i=1
αi ·Acl(ri)− e
N ′∑
i=1
αi ·Acl(R)
+e
m
M
N ′∑
i=1
αi ·
N ′∑
k=1
Acl(rk) , (17)
−|e|Z
M
p(n) ·Acl(r(n)) = −|e|Z
M
P ·Acl(R) + |e|Z
M
N ′∑
k=1
pk ·Acl(R) . (18)
Here we have disregarded the terms of second and higher orders in m/M . Because the second term in the right hand
side of equation (14) contains the factor emM , to first order in m/M , it can contribute only to first and higher orders
in α. Therefore, to the order under consideration (to zeroth order in α, to first order in m/M , and to all orders in
αZ) this term can be omitted. We obtain
H =
N ′∑
i=1
[αi · pi + βim+ V (ri)] + 1
2
∑
i6=k
α
|ri − rk|
+
1
2
∫
dx [E2t (x) +H2(x)]− e
N ′∑
i=1
αi ·A(ri +R)
+
P2
2M
+
1
2M
( N ′∑
k=1
pk
)2
+
m
M
N ′∑
i=1
αi ·P
− 1
M
P ·
N ′∑
k=1
pk − |e|Z
M
P ·A(R)
+
|e|Z
M
( N ′∑
k=1
pk
)
·A(R) + e
2Z2
2M
A2(R)
−e
N ′∑
i=1
αi ·Acl(ri)− e
N ′∑
i=1
αi ·Acl(R)
+e
m
M
N ′∑
i=1
αi ·
N ′∑
k=1
Acl(rk)− |e|Z
M
P ·Acl(R) + |e|Z
M
N ′∑
k=1
pk ·Acl(R) . (19)
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In the second quantized form, this Hamiltonian can be written as
H = H0 +
13∑
s=1
H
(s)
int , (20)
H0 =
∫
dx ψ†(x)[−i∇ ·α+ βm+ V (x)]ψ(x) − 1
2M
∫
dx φ†∆xφ(x)
+
1
2
∫
dx [E2t (x) +H2(x)] , (21)
H
(1)
int =
α
2
∫
dx dy
ψ†(x)ψ(x)ψ†(y)ψ(y)
|x− y| , (22)
H
(2)
int = −e
∫
dx dy ψ†(x)αψ(x)A(x + y)φ†(y)φ(y) , (23)
H
(3)
int =
1
2M
∫
dx ψ†(x)(−i∇x)ψ(x)
∫
dy ψ†(y)(−i∇y)ψ(y) , (24)
H
(4)
int =
|e|Z
M
∫
dx ψ†(x)(−i∇x)ψ(x)
∫
dy A(y)φ†(y)φ(y) , (25)
H
(5)
int =
e2Z2
2M
∫
dy A2(y)φ†(y)φ(y) , (26)
H
(6)
int =
m
M
∫
dx ψ†(x)αψ(x)
∫
dy φ†(y)(−i∇y)φ(y) , (27)
H
(7)
int = −
1
M
∫
dx ψ†(x)(−i∇x)ψ(x)
∫
dy φ†(y)(−i∇y)φ(y) , (28)
H
(8)
int = −
|e|Z
M
∫
dy A(y)φ†(y)(−i∇y)φ(y) , (29)
H
(9)
int = −e
∫
dx ψ†(x)α ·Acl(x)ψ(x) , (30)
H
(10)
int =
e
2
m
M
∫
dx ψ†(x)αψ(x)
∫
dy ψ†(y)Acl(y)ψ(y)
+
e
2
m
M
∫
dy ψ†(y)Acl(y)ψ(y)
∫
dx ψ†(x)αψ(x) , (31)
H
(11)
int = −e
∫
dx ψ†(x)αψ(x)
∫
dy φ†(y)Acl(y)φ(y) , (32)
H
(12)
int = −
|e|Z
M
∫
dy Acl(y)φ
†(y)(−i∇y)φ(y) , (33)
H
(13)
int =
|e|Z
M
∫
dx ψ†(x)(−i∇x)ψ(x)
∫
dy φ†(y)Acl(y)φ(y) . (34)
Here ψ(x) and φ(x) are the electron and nucleus field operators in the Schro¨dinger representation and ∆x is the
Laplace operator. The scalar product is implicit in equations (23)-(34). It should be stressed that, despite the nuclear
field operator φ(x) is introduced, the Hamiltonian (20) has physical sense only in the one nuclear particle sector. The
introduction of φ(x) will simplify the use of the standard QED methods for calculations by perturbation theory.
The total momentum operator of the system is given by
P =
∫
dx φ†(−i∇x)φ(x) +
∫
dx [Et(x)×H(x)] . (35)
This operator commutes with the Hamiltonian of the system if the external magnetic field is switched off, Acl(x) = 0.
It also commutes with the operator
H ′ = H0 +
s=10∑
s=1
H
(s)
int . (36)
In the theory without the terms H
(11)
int , H
(12)
int , and H
(13)
int as well as in the theory without the external magnetic field
at all, operators φ(x), A(x), and ψ(x) obey the following space-shift transformation rules
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φ(x + a) = exp (−ia · P)φ(x) exp (ia · P) , (37)
A(x+ a) = exp (−ia · P)A(x) exp (ia · P) , (38)
ψ(x) = exp (−ia · P)ψ(x) exp (ia · P) . (39)
For any operator F (x), the transition to the Heisenberg representation is performed by the substitution
FS(x) = exp (−iHt)FH(t,x) exp (iHt) . (40)
The calculations of the atomic energy levels, based on the Hamiltonian (20), can be performed by perturbation
theory. It is convenient to consider that in zeroth approximation the Hamiltonian of the system is given by the term
H0. The terms H
(1)
int - H
(13)
int are accounted for by perturbation theory. As usual (see, e.g., [25,26]), the vacuum state is
defined as a state in which the negative-energy continuum is occupied by electrons and the electron current operator
eψ(x)γµψ(x) must be replaced by (e/2)[ψ(x)γµ, ψ(x)] in all the equations given above.
III. GENERAL FORMULAS FOR THE ENERGY SHIFTS
First, we formulate a procedure for deriving the energy shift due to the terms H
(1)
int - H
(10)
int . The operator H
′ defined
by equation (36) commutes with the total momentum of the system (35) and, therefore, the atom can be characterized
by a fixed momentum K. We are interested in the energy shift, ∆E(a,K) = E(a,K) − E(0)(a,K), of a single isolated level
|a,K〉 of an N -electron atom. Here N denotes the number of the atomic (positive-energy-state) electrons, K is the
total momentum of the system described by the Hamiltonian H ′, and a denotes the set of the other quantum numbers.
In zeroth approximation, the energy E
(0)
(a,K) is
E
(0)
(a,K) = εa1 + · · · εaN +
K2
2M
. (41)
The one-electron energies εn are defined by the Dirac equation
(−iα ·∇+ βm+ V (x))ψn(x) = εnψn(x) , (42)
where V (x) is the Coulomb potential of the nucleus. We note that the formalism considered here allows us to
account partially for the finite nuclear size effect by employing in (42) the potential of an extended nucleus. We
could start also with the Dirac equation with an effective potential Veff(x) (e.g., a local version of the Hartree-
Fock potential) which approximately describes the electron-electron interaction. In this case the interaction with
the potential ∆V (x) = V (x) − Veff(x) must be accounted for perturbatively to eliminate double accounting the
interelectronic interaction corrections. The electronic part of the unperturbed wave function is a linear combination
of one-determinant functions
ua(x1, ...,xN ) =
∑
b
Cba
1√
N !
∑
P
(−1)PψPb1(x1) · · ·ψPbN (xN ) . (43)
We introduce the Green function ga(E,K) by
ga(E,K)δ(E
′ − E)δ(K′ −K) = 1
2πi
1
N !
1
(2π)3
∫
dx1 · · · dxNdx′1 · · · dx′NdX dX′
×
∫ ∞
−∞
dt dt′ exp (iE′t′ − iEt) exp (−iK′ ·X′ + iK ·X)
×u†a(x′1, ...,x′N )〈0|Tψ(t′,x′1) · · ·ψ(t′,x′N )φ(t′,X′)
×φ†(t,X)ψ†(t,xN ) · · ·ψ†(t,x1)|0〉ua(x1, ...,xN ) , (44)
where ψ(t,x) and φ(t,x) are the electron and nucleus field operators in the Heisenberg representation and T is the
time-ordering operator. As one can see from equation (44), ga(E,K) is the Fourier transform of the two-time Green
function. The ga(E,K) function contains the complete information about the energy levels of the system described
by H ′. Defined by equation (44) for real E, it can be continued analytically to the complex E plane with some cuts
(see, e.g., [27,28]). From the spectral representation of ga(E,K), we obtain
ga(E,K) =
ϕ(a,K)ϕ
∗
(a,K)
E − E(a,K)
+ terms that are regular at E ∼ E(a,K) , (45)
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where
ϕ(a,K) =
(2π)3/2√
N !
∫
dx1 · · · dxN u†a(x1, ...,xN )〈0|ψ(0,x1) · · ·ψ(0,xN )φ(0, 0)|a,K〉 . (46)
As in [28], using equation (45), we can derive the following formula for the energy shift
∆E(a,K) =
1
2πi
∮
Γ
dE (E − E(0)(a,K))∆ga(E,K)
1 +
1
2πi
∮
Γ
dE ∆ga(E,K)
, (47)
where ∆ga(E,K) = ga(E,K) − g(0)a (E,K) and g(0)a (E,K) = (E − E(0)(a,K))−1. The contour Γ surrounds the pole
corresponding to the level a and keeps outside all other singularities of ga(E,K). It is assumed that the contour Γ
is oriented anticklockwise. The Green function ga(E,K) is constructed by perturbation theory after the transition in
equation (44) to the interaction representation. Since we are interested in the energy shifts in the atom rest system,
we must put K = 0 in formula (47).
Formula (47) can be used to calculate the corrections due to the terms H
(1)
int -H
(10)
int . The term ∆H
′, defined as
∆H ′ = H
(11)
int +H
(12)
int +H
(13)
int , (48)
does not commute with P and, therefore, requires a special treatment. To first order in the interaction with the
magnetic field, the energy shift due to this term can be written as (cf., [29])
∆E(a,K)δ(K
′ −K) ≃ 〈a,K′|∆H ′|a,K〉 , (49)
where |a,K〉 and |a,K′〉 are the eigenvectors of the operator H ′. Since we are interested in the corrections of first
order in the magnetic field, in equation (49) we can consider the eigenvectors of the operator H ′′ = H ′−H(9)int −H(10)int .
We assume that they are normilized by
〈a,K′|a,K〉 = δ(K′ −K) . (50)
We introduce the Green function ga(E
′, E,K′,K) by
ga(E
′, E,K′,K) = − 1
N !
1
(2π)3
∫
dx1 · · · dxNdx′1 · · · dx′NdX dX′
×
∫ ∞
−∞
dt dt′ exp (iE′t′ − iEt) exp (−iK′ ·X′ + iK ·X)
×u†a(x′1, ...,x′N )〈0|Tψ(t′,x′1) · · ·ψ(t′,x′N )φ(t′,X′)∆H ′(0)
×φ†(t,X)ψ†(t,xN ) · · ·ψ†(t,x1)|0〉ua(x1, ...,xN ) , (51)
where, as in equation (44), the Heisenberg representation is used and ∆H ′(0) ≡ ∆H ′(t = 0). The analytical properties
of this type Green function as a function of two complex variables E and E′ in the region E ∼ E(a,K), E′ ∼ E(a,K′)
can be investigated by deriving the double spectral representation (see, e.g., [28,29]). From this representation, we
obtain
ga(E
′, E,K′,K) =
ϕ(a,K′)
E′ − E(a,K′)
〈a,K′|∆H ′(0)|a,K〉
ϕ∗(a,K)
E − E(a,K)
+ terms that are regular functions of E′ or E when
E′ ∼ E(a,K′) andE ∼ E(a,K) . (52)
As in the case of the photon emission by an atom considered in detail in [28], from equations (49), (52) we derive
∆E(a,K)δ(K
′ −K) ≃
1
2πi
∮
Γ
dE
1
2πi
∮
Γ′
dE′ ga(E
′, E,K′,K)
[ 1
2πi
∮
Γ′
dE ga(E,K
′)
]1/2[ 1
2πi
∮
Γ
dE ga(E,K)
]1/2 , (53)
where the contours Γ and Γ′ surround the poles corresponding to the levels E(a,K) and E(a,K′), respectively, and
keep outside all other singularities. The Green function ga(E
′, E,K′,K) is constructed by perturbation theory after
the transition in (51) to the interaction representation. Since we are interested in the energy shifts in the atom rest
system, at the end of the calculation by formula (53), we must put K = 0.
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IV. RELATIVISTIC FORMULA FOR THE RECOIL CORRECTION TO THE
BOUND-ELECTRON g FACTOR IN A HYDROGENLIKE ATOM
The method formulated in the previous sections can be used to derive the complete αZ-dependence expressions for
the recoil corrections to the energy levels (Acl(x) = 0) and to the atomic g factor to first order in m/M . The relevant
expression for the recoil correction to the energy levels in a hydrogenlike atom was first derived by a quasipotential
method in [30] and was subsequently rederived by other methods in [31–33] (a part of the expression was previously
found in [34]). In this section, we derive the corresponding formula for the recoil correction to the bound-electron g
factor in a hydrogenlike atom.
In what follows, we will consider that V (x) in the Dirac equation (42) is the potential of an extended-charge nucleus.
This will allow us to avoid a special treatment of the degenerate states of different parity (such as 2s and 2p1/2) in the
derivation of the contributions from the ∆H ′ term. However, as it will be seen from the final formulas obtained below,
they have neither singularities nor ambiguities when V (x) → VC(x) = −αZ/|x| and, therefore, the pure Coulomb
potential can be used in these formulas as well.
We are interested in the energy shifts of first order in the magnetic field and of first order inm/M . The contributions
of interest arise in a few lowest orders of the perturbation theory. They can be conventionally represented by the
following combinations:
∆E(1) ∼ H(9)int ×H(3)int +H(9)int ×H(4)int ×H(2)int
+H
(9)
int ×H(5)int ×H(2)int ×H(2)int + permutations , (54)
∆E(2a) ∼ H(10)int , (55)
∆E(2b) ∼ H(11)int ×H(6)int +H(11)int ×H(7)int
+H
(11)
int ×H(8)int ×H(2)int + permutations . (56)
As to the terms H
(12)
int and H
(13)
int , in the order under consideration, the first of these terms gives a contribution which
is independent of the internal atomic quantum numbers while the second one gives zero when it is averaged with the
electron wave function of a definite parity. Therefore, the both terms can be omitted.
To calculate ∆E(1), it is convenient to consider that H
(9)
int is included in the unperturbed Hamiltonian. This means
that the interaction with the magnetic field, δV (x) = −eα · Acl(x), must be included in the Dirac equation (42).
Then the derivation of the formula for this correction reduces to the related derivation of the recoil correction to the
energy levels for Acl(x) = 0 [30–33]. It follows that to obtain ∆E
(1), we may simply replace V (x) by V (x) + δV (x)
everywhere in the formula for the recoil correction to the energy level and decompose it to first order in δV (x).
However, before to do that, let us demonstrate how the recoil correction to the energy level can be derived within the
formalism considered here.
Let us consider, for example, the contribution ∼ H(4)int ×H(2)int +H(2)int ×H(4)int . In the interaction representation, the
related contribution to the two-time Green function is
∆G(t′,x′,X′; t,x,X) =
(−i)2
2
∫ ∞
−∞
dt1dt2 〈0|Tψ(t′,x′)φ(t′,X′)ψ†(t,x)φ†(t,X)
×
{ (−e)
2
∫
dx1dX1 [ψ
†(t1,x1)α
i, ψ(t1,x1)]A
i(t1,x1 +X1)
×φ†(t1,X1)φ(t1,X1) |e|Z
M
∫
dy1dY1 ψ
†(t2,y1)
×(−i∇ky1)ψ(t2,y1)Ak(t2,Y1)φ†(t2,Y1)φ(t2,Y1)
+
|e|Z
M
∫
dy1dY1 ψ
†(t2,y1)(−i∇ky1)ψ(t2,y1)Ak(t2,Y1)
×φ†(t2,Y1)φ(t2,Y1) (−e)
2
∫
dx1dX1 [ψ
†(t1,x1)α
i, ψ(t1,x1)]
×Ai(t1,x1 +X1)φ†(t1,X1)φ(t1,X1)
}
|0〉con , (57)
where all the operators are considered in the interaction representation and the summation over the repeated indices
(i, k = 1, 2, 3), which enumerate components of the three-dimensional vectors, is implicit. The label ”con” means that
contributions containing disconnected vacuum-vacuum terms must be omitted. According to the permutation rules
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for the T product of the boson and fermion operators, second term in the right hand side of equation (57) is equal to
first one. Assuming that the time-ordering operator is defined for equal-time fermion operators by [17]
T [A(t)B(t)] =
1
2
A(t)B(t) − 1
2
B(t)A(t) , (58)
we have
∆G(t′,x′,X′; t,x,X) =
e|e|Z
M
∫ ∞
−∞
dt1dt2 〈0|Tψ(t′,x′)φ(t′,X′)ψ†(t,x)φ†(t,X)
×
∫
dx1dX1 ψ
†(t1,x1)α
iψ(t1,x1)A
i(t1,x1 +X1)
×φ†(t1,X1)φ(t1,X1)
∫
dy1dY1 ψ
†(t2,y1)
×(−i∇ky1)ψ(t2,y1)Ak(t2,Y1)φ†(t2,Y1)φ(t2,Y1)|0〉con . (59)
Using the Wick theorem and keeping only the terms which will contribute to the state-dependent energy shift, we
obtain
∆G(t′,x′,X′; t,x,X) =
e|e|Z
M
∫ ∞
−∞
dt1dt2
∫
dx1dX1dy1dY1[S(t
′ − t1,x′,x1)
×αiS(t1 − t2,x1,y1)(−i∇ky1)S(t2 − t,y1,x)
+S(t′ − t2,x′,y1)(−i∇ky1)S(t2 − t1,y1,x1)
×αiS(t1 − t,x1,x)]Dik(t1 − t2,x1 +X1 −Y1)
×[Sn(t′ − t1,X′ −X1)Sn(t1 − t2,X1 −Y1)
×Sn(t2 − t,Y1 −X) + Sn(t′ − t2,X′ −Y1)
×Sn(t2 − t1,Y1 −X1)Sn(t1 − t,X1 −X)] . (60)
Here
S(t′ − t,x,y) = i
2π
∫ ∞
−∞
dω exp [−iω(t′ − t)]
∑
n
ψn(x)ψ
†
n(y)
ω − εn(1 − i0) (61)
is the electron propagator in the nuclear potential V (x),
Dil(t′ − t,x− y) = i
2π
∫ ∞
−∞
dω exp [−iω(t′ − t)]
∫
dk
(2π)3
exp [ik · (x− y)]
ω2 − k2 + i0
(
δil − k
ikl
k2
)
(62)
is the transverse part of the photon propagator in the Coulomb gauge, and
Sn(t
′ − t,X−Y) = i
2π
∫ ∞
−∞
dω exp [−iω(t′ − t)]
∫
dK
(2π)3
exp [iK · (X−Y)]
ω − K22M + i0
(63)
is the nucleus propagator. In equation (61) the index n runs over all bound and continuum states. Since we are
interested in the corrections of first order in m/M and we have already the factor 1/M in front of expression (60), we
can consider the limit M → 0 in the expression for the nucleus propagator. In this limit, we have
Sn(t
′ − t,X−Y) = θ(t′ − t)δ(X−Y) . (64)
Using this expression for Sn, we obtain
∆G(t′,x′,X′; t,x,X) =
e|e|Z
M
∫ ∞
−∞
dt1dt2
∫
dx1dy1 [S(t
′ − t1,x′,x1)
×αiS(t1 − t2,x1,y1)(−i∇ky1)S(t2 − t,y1,x)
+S(t′ − t2,x′,y1)(−i∇ky1)S(t2 − t1,y1,x1)
×αiS(t1 − t,x1,x)]Dik(t1 − t2,x1)
×δ(X′ −X)[θ(t′ − t1)θ(t1 − t2)θ(t2 − t)
+θ(t′ − t2)θ(t2 − t1)θ(t1 − t)] . (65)
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The related contribution to the Green function ga(E,K) defined by equation (44) is
∆ga(E,K)δ(E
′ − E)δ(K′ −K) = 1
2πi
1
(2π)3
e|e|Z
M
∫ ∞
−∞
dt dt′ dt1 dt2
∫
dx dx′ dX dX′
×dx1 dy1 exp (iE′t′ − iEt)
× exp (−iK′ ·X′ + iK ·X)ψ†a(x′)[S(t′ − t1,x′,x1)
×αiS(t1 − t2,x1,y1)(−i∇ky1)S(t2 − t,y1,x)
+S(t′ − t2,x′,y1)(−i∇ky1)S(t2 − t1,y1,x1)
×αiS(t1 − t,x1,x)]ψa(x)Dik(t1 − t2,x1)
×δ(X′ −X)[θ(t′ − t1)θ(t1 − t2)θ(t2 − t)
+θ(t′ − t2)θ(t2 − t1)θ(t1 − t)] . (66)
Integrating over X, X′, and over the time variables and setting K = 0, we obtain
∆ga(E, 0) = −e|e|Z
M
1
(E − εa)2
∫ ∞
−∞
dω
{∑
n
〈a|αiDik(ω)|n〉〈n|(−i∇k)|a〉
E − ω − εn(1− i0)
+
∑
n
〈a|(−i∇k)|n〉〈n|αiDik(ω)|a〉
E − ω − εn(1− i0)
}
, (67)
where
Dil(ω, r) =
∫
dk
(2π)3
exp (ik · r)
ω2 − k2 + i0
(
δil − k
ikl
k2
)
= − 1
4π
{exp (i|ω|r)
r
δil +∇i∇l (exp (i|ω|r)− 1)
ω2r
}
. (68)
The corresponding contribution to the energy shift according to equation (47) for K = 0 is
∆E =
4παZ
M
i
2π
∫ ∞
−∞
dω
∑
n
{
〈a|αiDik(ω)|n〉〈n|(−i∇k)|a〉
εa − ω − εn(1 − i0)
+
〈a|(−i∇k)|n〉〈n|αiDik(ω)|a〉
εa − ω − εn(1− i0)
}
. (69)
The energy shifts due to the terms H
(3)
int and H
(5)
int (∼ H(5)int ×H(2)int ×H(2)int + permutations) can be derived in the same
way. The total contribution of the terms H
(3)
int , H
(4)
int (∼ H(4)int ×H(2)int +H(2)int ×H(4)int ), and H(5)int (∼ H(5)int ×H(2)int ×H(2)int
+ permutations) is
∆E =
i
2πM
∫ ∞
−∞
dω 〈a|[pk −Dk(ω)]G(ω + εa)[pk −Dk(ω)]|a〉 , (70)
where pk = −i∇k,
Dk(ω) = −4παZαlDlk(ω) , (71)
and
G(ω) =
∑
n
|n〉〈n|
ω − εn(1− i0) . (72)
Deriving equation (70) we considered that in the zeroth approximation the electron obeys the Dirac equation with
the nuclear potential V (x). As was indicated above, to obtain the desired formula for ∆E(1), defined by equation
(54), we should replace V (x) by V (x) + δV (x), where δV (x) = −eα ·Acl(x), in equation (70) and expand it to first
order in δV (x). As a result of this expansion, we obtain
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∆E(1) =
i
2πM
∫ ∞
−∞
dω {〈δa|[pk −Dk(ω)]G(ω + εa)[pk −Dk(ω)]|a〉
+〈a|[pk −Dk(ω)]G(ω + εa)[pk −Dk(ω)]|δa〉
+〈a|[pk −Dk(ω)]G(ω + εa)(δV − δεa)
×G(ω + εa)[pk −Dk(ω)]|a〉} , (73)
where
δεa = 〈a|δV |a〉 , (74)
|δa〉 =
εn 6=εa∑
n
|n〉〈n|δV |a〉
εa − εn . (75)
For practical calculations, it is convenient to represent expression (73) by the sum of the lower-order term and the
higher-order term,
∆E(1) = ∆E
(1)
L +∆E
(1)
H , (76)
∆E
(1)
L =
1
2M
{〈δa|[pk − 2Dk(0)]pk|a〉+ 〈a|[pk − 2Dk(0)]pk|δa〉} , (77)
∆E
(1)
H =
i
2πM
∫ ∞
−∞
dω
{
〈δa|
(
Dk(ω)− [p
k, V ]
ω + i0
)
G(ω + εa)
(
Dk(ω) +
[pk, V ]
ω + i0
)
|a〉
+〈a|
(
Dk(ω)− [p
k, V ]
ω + i0
)
G(ω + εa)
(
Dk(ω) +
[pk, V ]
ω + i0
)
|δa〉
+〈a|
(
Dk(ω)− [p
k, V ]
ω + i0
)
G(ω + εa)(δV − δεa)G(ω + εa)
×
(
Dk(ω) +
[pk, V ]
ω + i0
)
|a〉
−〈a| [p
k, δV ]
ω + i0
G(ω + εa)
(
Dk(ω) +
[pk, V ]
ω + i0
)
|a〉
+〈a|
(
Dk(ω)− [p
k, V ]
ω + i0
)
G(ω + εa)
[pk, δV ]
ω + i0
|a〉
}
, (78)
where [A,B] = AB − BA. The term ∆E(1)L contains the non-relativistic and lowest-order relativistic contributions
and a part of the higher-order relativistic contributions. The term ∆E
(1)
H contains all the higher-order relativistic
contributions which are not included into ∆E
(1)
L .
The direct evaluation of the term H
(10)
int yields
∆E(2a) = e
m
M
i
2π
∫ ∞
−∞
dω [〈a|αkG(ω)Akcl|a〉+ 〈a|AkclG(ω)αk|a〉] . (79)
The calculation of the correction ∆E(2b) is a more difficult task. Here we derive in detail the contribution which
appears as a combination ∼ H(11)int ×H(8)int ×H(2)int + permutations. To find this correction we should use formula (53).
The related contribution to the Green function ga(E
′, E,K′,K) defined by equation (51) is
∆ga(E
′, E,K′,K) =
1
(2π)3
(−i)2 e
2|e|Z
M
∫ ∞
−∞
dt dt′ dt1 dt2
∫
dx dx′ dX dX′
× exp (iE′t′ − iEt) exp (−iK′ ·X′ + iK ·X)ψ†a(x′)
×〈0|Tψ(t′,x′)φ(t′,X′)
∫
dz1dZ1ψ
†(0, z1)α
lψ(0, z1)A
l
cl(Z1)
×φ†(0,Z1)φ(0,Z1)φ†(t,X)ψ†(t,x)
∫
dx1 dX1ψ
†(t1,x1)
×αiψ(t1,x1)Ai(t1,x1 +X1)φ†(t1,X1)φ(t1,X1)
×
∫
dY1 A
k(t2,Y1)φ
†(t2,Y1)(−i∇kY1)φ(t2,Y1)|0〉conψa(x) , (80)
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where we have used equation (58). To evaluate this expression we employ the Wick theorem and equation (64) for
the nucleus propagator. Keeping only the terms which will contribute to the state-dependent energy shift, we obtain
∆ga(E
′, E,K′,K) = −e
2|e|Z
M
∫ ∞
−∞
dt dt′ dt1 dt2
∫
dx dx′ dx1 dz1 exp (iE
′t′ − iEt)
×[ψ†a(x′)S(t′ − t1,x′,x1)αiS(t1,x1, z1)αlS(−t, z1,x)ψa(x)
+ψ†a(x
′)S(t′,x′, z1)α
lS(−t1, z1,x1)αiS(t1 − t,x1,x)ψa(x)]
×Dik(t1 − t2,x1)[θ(t′ − t1)θ(t1 − t2)θ(t2)θ(−t)Bkl1 (K′,K)
+θ(t′ − t1)θ(t1)θ(−t2)θ(t2 − t)Bkl2 (K′,K)
+θ(t′ − t2)θ(t2 − t1)θ(t1)θ(−t)Bkl1 (K′,K)
+θ(t′ − t2)θ(t2)θ(−t1)θ(t1 − t)Bkl1 (K′,K)
+θ(t′)θ(−t1)θ(t1 − t2)θ(t2 − t)Bkl2 (K′,K)
+θ(t′)θ(−t2)θ(t2 − t1)θ(t1 − t)Bkl2 (K′,K) , (81)
where
Bkl1 (K
′,K) =
1
(2π)3
∫
dX exp (−iK′ ·X)(−i∇kX)Alcl(X) exp (iK ·X) , (82)
Bkl2 (K
′,K) =
1
(2π)3
∫
dX exp (−iK′ ·X)Alcl(X)(−i∇kX) exp (iK ·X) . (83)
Integrating over the time variables, we obtain
∆ga(E
′, E,K′,K) = −e
2|e|Z
M
i
2π
∫ ∞
−∞
dω
∑
n
〈a|αiDik(ω)|n〉〈n|αl|a〉
×
{
θ(εn)
i
E′ − εa
i
E′ − ω − εn + i0
i
E′ − εn
i
E − εa B
kl
1 (K
′,K)
+θ(εn)
i
E′ − εa
i
E′ − ω − εn + i0
i
E − ω − εa + i0
i
E − εa
×Bkl2 (K′,K) + θ(εn)
i
E′ − εa
i
E′ + ω − εa + i0
× i
E′ − εn
i
E − εa B
kl
1 (K
′,K)
−θ(−εn) i
E′ − εa
i
E′ + ω − εa + i0
i
E + ω + εn − 2εa + i0
i
E − εa
×Bkl1 (K′,K)− θ(−εn)
i
E′ − εa
i
E − ω − εa + i0
× i
E + εn − 2εa
i
E − εa B
kl
2 (K
′,K)
−θ(−εn) i
E′ − εa
i
E + ω + εn − 2εa + i0
i
E + εn − 2εa
i
E − εa
×Bkl2 (K′,K)
}
−e
2|e|Z
M
i
2π
∫ ∞
−∞
dω
∑
n
〈a|αl|n〉〈n|αiDik(ω)|a〉
×
{
−θ(−εn) i
E′ − εa
i
E′ − ω + εn − 2εa + i0
i
E′ + εn − 2εa
i
E − εa
×Bkl1 (K′,K)− θ(−εn)
i
E′ − εa
i
E − ω − εa + i0
× i
E′ − ω + εn − 2εa + i0
i
E − εa B
kl
2 (K
′,K)
−θ(−εn) i
E′ − εa
i
E′ + ω − εa + i0
i
E′ + εn − 2εa
i
E − εa
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×Bkl1 (K′,K) + θ(εn)
i
E′ − εa
i
E′ + ω − εa + i0
× i
E + ω − εn + i0
i
E − εa B
kl
1 (K
′,K)
+θ(εn)
i
E′ − εa
i
E − ω − εa + i0
i
E − εn
i
E − εa
×Bkl2 (K′,K) + θ(εn)
i
E′ − εa
i
E + ω − εn + i0
× i
E − εn
i
E − εa B
kl
2 (K
′,K)
}
. (84)
Taking into account that 〈n|αl|a〉 = 0 if εn = εa, we have
1
2πi
∮
Γ
dE
1
2πi
∮
Γ′
dE′ ∆ga(E
′, E,K′,K)
= −e
2|e|Z
2M
εn 6=εa∑
n
(〈a|αiDik(0)|n〉〈n|αl|a〉
εa − εn
+
〈a|αl|n〉〈n|αiDik(0)|a〉
εa − εn
)
[Bkl1 (K
′,K) +Bkl2 (K
′,K)]
−e
2|e|Z
M
i
2π
∫ ∞
−∞
dω
εn 6=εa∑
n
( 〈a|αiDik(ω)|n〉〈n|αl|a〉
(εa − εn)(εa − ω − εn(1 − i0))
− 〈a|α
l|n〉〈n|αiDik(ω)|a〉
(εa − εn)(εa + ω − εn(1 − i0))
)
Ckl(K′,K) , (85)
where
Ckl(K′,K) = Bkl1 (K
′,K)−Bkl2 (K′,K) = −
i
2
ǫklsHsδ(K′ −K) (86)
and ǫkls is the Levi-Civita symbol (ǫ123 = ǫ312 = ǫ231 = 1, ǫ321 = ǫ132 = ǫ213 = −1, and ǫkls = 0 if at least two of the
indices are equal each other). It can easily be shown that the term containing [Bkl1 +B
kl
2 ] in equation (85) is equal to
zero. Indeed, using the identity
αl = i[HD, x
l] , (87)
where HD = −iα ·∇+ βm+ V , we obtain
εn 6=εa∑
n
( 〈a|αiDik(0)|n〉〈n|αl|a〉
εa − εn +
〈a|αl|n〉〈n|αiDik(0)|a〉
εa − εn
)
= i
εn 6=εa∑
n
(−〈a|αiDik(0)|n〉〈n|xl|a〉+ 〈a|xl|n〉〈n|αiDik(0)|a〉)
= i(−〈a|αiDik(0)xl|a〉+ 〈a|xlαiDik(0)|a〉) = 0 . (88)
Here we have taken into account that for the case of an extended-charge nucleus considered here there are no degenerate
states of different parity. Taking into account that to zeroth order the denominator in equation (53) is equal to 1, we
have
∆E =
e2|e|Z
M
i
2
ǫklsHs i
2π
∫ ∞
−∞
dω
εn 6=εa∑
n
[ 〈a|αiDik(ω)|n〉〈n|αl|a〉
(εa − εn)(εa − ω − εn(1− i0))
− 〈a|α
l|n〉〈n|αiDik(ω)|a〉
(εa − εn)(εa + ω − εn(1− i0))
]
(89)
Using identity (87), we obtain
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∆E =
e
2M
ǫklsHs i
2π
∫ ∞
−∞
dω {〈a|xlG(ω)Dk(εa − ω)|a〉+ 〈a|Dk(εa − ω)G(ω)xl|a〉} , (90)
where Dk(ω) is defined by equation (71).
The other contributions to ∆E(2b) defined by equation (56) are derived in the same way. As a result of this
derivation, keeping only the state-dependent contributions, we have
∆E =
e
2M
ǫklsHs i
2π
∫ ∞
−∞
dω {〈a|xlG(ω)(mαk − pk)|a〉+ 〈a|(mαk − pk)G(ω)xl|a〉} . (91)
The sum of expressions (90) and (91) gives the correction ∆E(2b). For the correction ∆E(2) ≡ ∆E(2a) + ∆E(2b),
where ∆E(2a) is defined by equation (79), we obtain
∆E(2) = − e
2M
ǫklsHs i
2π
∫ ∞
−∞
dω {〈a|xlG(ω + εa)[pk −Dk(ω)]|a〉
+〈a|[pk −Dk(ω)]G(ω + εa)xl|a〉} . (92)
For practical calculations, it is convenient to represent this correction by the sum of the lower-order and higher-order
terms,
∆E(2) = ∆E
(2)
L +∆E
(2)
H , (93)
∆E
(2)
L = −
e
2M
ǫklsHs{〈a|xl[pk −Dk(0)]|a〉 , (94)
∆E
(2)
H = −
e
2M
iǫklsHs i
2π
∫ ∞
−∞
dω
1
ω + i0
{〈a|αlG(ω + εa)[pk −Dk(ω)]|a〉
−〈a|[pk −Dk(ω)]G(ω + εa)αl|a〉} . (95)
Here, as in equations (76)-(78), the term ∆E
(2)
L contains the non-relativistic and lowest-order relativistic contributions
and a part of the higher-order relativistic contributions while the term ∆E
(2)
H contains all the higher-order relativistic
contributions which are not included into ∆E
(2)
L .
The total energy shift of first order in m/M and of first order in the interaction with the classical magnetic field is
∆E(tot) = ∆E(1)+∆E(2). In the compact form, ∆E(1) and ∆E(2) are defined by equations (73) and (92), respectively.
For practical calculations, it is more convenient to use the representation given by equations (76)-(78) and (93)-(95).
To derive these equations, we have assumed that V (x) deviates from the pure Coulomb potential. However, since the
final formulas for the energy shift exhibit neither singularities nor ambiguities when V (x)→ VC = −αZ/|x|, the pure
Coulomb potential can be used in these formulas as well.
The corresponding correction to the bound-electron g factor is defined as
∆g =
∆E(tot)
µ0Hmj , (96)
where µ0 = |e|/(2m) is the Bohr magneton and mj is the angular momentum projection of the state under consider-
ation. Here and below we assume that H is directed along the z axis.
V. RECOIL CORRECTION TO THE BOUND-ELECTRON g FACTOR TO LOWEST ORDERS IN
αZ
To the lowest-order relativistic approximation, the recoil correction to the g factor is given by
∆E
(tot)
L = ∆E
(1)
L +∆E
(2)
L , (97)
where ∆E
(1)
L and ∆E
(2)
L are defined by equations (77) and (94), respectively. Let us calculate this correction for an
arbitrary state of a hydrogenlike atom. For the case of the point-charge nucleus that we will consider, this calculation
can be performed analytically.
Consider first the calculation of ∆E
(1)
L . According to equation (77), it is
∆E
(1)
L =
1
M
〈δa|
[
p2 − αZ
r
(α · p+ (α · n)(n · p)
]
|a〉 , (98)
13
where n = r/r. Taking into account that p2 = (α · p)2 and (α · p) = HD − βm− VC, one easily obtains
〈δa|p2|a〉 = 〈δa|(εa + βm− VC)(εa − βm− VC)|a〉
+i〈δa|(α ·∇VC)|a〉 . (99)
The second term in equation (98) can be transformed as (see, e.g., [35])
− 〈δa|αZ
r
[α · p+ (α · n)(n · p)]|a〉 = −〈δa|αZ
r
[
2εa − 2βm− 2VC
+
i
r
(α · n)(βκ+ 1)
]
|a〉 , (100)
where κ = (−1)j+l+1/2(j + 1/2) is the relativistic angular quantum number of the state a, j is the total angular
momentum, and l = j±1/2 defines the parity of the state. The wave function correction |δa〉 defined by equation (75)
can easily be found analytically using the method of the generalized virial relations for the Dirac equation developed
in [36]. Since the operator sandwiched between |a〉 and |δa〉 in equation for ∆E(1)L conserves the angular quantum
numbers, we need only that component of |δa〉 which has the same angular quantum numbers as the unperturbed
state |a〉. This component is
|δa〉κmj =
(
X(r)Ωκmj (n)
iY (r)Ω−κmj (n)
)
, (101)
where
X(r) = b0
[2mκ−m+ 2κεa
2m2
r +
αZ
m2
κ
]
f(r) +
κ− 2κ2
2m2
g(r) , (102)
Y (r) = b0
[2mκ+m− 2κεa
2m2
r − αZ
m2
κ
]
g(r) +
κ+ 2κ2
2m2
f(r) , (103)
b0 = −e
2
H κ
j(j + 1)
mj , (104)
g(r) and f(r) are the radial parts of the unperturbed wave function defined as
|a〉 =
(
g(r)Ωκmj (n)
if(r)Ω−κmj (n)
)
. (105)
Integrating over the angular variables in equations (99) and (100), we find
∆E
(1)
L =
b0
M
∫ ∞
0
dr r2
{
X(r)g(r)[−2VCm− V 2C + ε2a −m2]
+Y (r)f(r)[2VCm− V 2C + ε2a −m2]
+[X(r)f(r) + Y (r)g(r)]
αZ
r2
κ
}
. (106)
Substituting expressions (102) and (103) into equation (106), we obtain
∆E
(1)
L =
b0
M
{
αZ
2κεa −m
m
C0 + (αZ)2
κ
m
C−1 + (ε2a −m2)
κ
m
C1
+αZ
κ2
2m2
C−2 + (ε2a −m2)
κ
2m2
A0 − αZ κ
2
m
A−1
−(αZ)2 κ
2m2
A−2 − (ε2a −m2)
κ2
m2
B0 + αZ
3mκ− 2κ2εa
2m2
B−1
}
, (107)
where we have used the notations [36]
As =
∫ ∞
0
dr r2+s(g2 + f2) , Bs =
∫ ∞
0
dr r2+s(g2 − f2) , Cs = 2
∫ ∞
0
dr r2+sgf . (108)
The integrals As, Bs, and Cs are easily calculated by the recurrent equations given in [36] (the relevant equations
were first derived in [37]). We have
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C0 =
κ
αZ
m2 − ε2a
m2
, C−1 =
(αZ)2κm
N3γ
, C1 =
2κεa −m
2m2
,
C−2 =
2(αZ)3[2κ(γ + nr)−N ]
N4(4γ2 − 1)γ , A
0 = 1 , A−1 =
αZm(κ2 + nrγ)
N3γ
,
A−2 =
2(αZ)2κ[2κ(γ + nr)−N ]m2
N4(4γ2 − 1)γ , B
0 =
εa
m
, B−1 =
m2 − ε2a
αZm
, (109)
where nr is the radial quantum number, N =
√
n2 − 2nr(|κ| − γ), and n = nr+ |κ| is the principal quantum number.
Substituting formulas (109) into equation (107), we obtain
∆E
(1)
L = −
e
2
H
M
κ2
2j(j + 1)
m2 − ε2a
m2
mj . (110)
Consider now the term ∆E
(2)
L . According to equation (94), we have
∆E
(2)
L =
e
2
H
M
〈a|([r× p]z − [r×D(0)]z)|a〉
=
e
2
H
M
〈a|
(
lz − αZ
2r
[r×α]z
)
|a〉 . (111)
Integrating over the angular and radial variables, we obtain
∆E
(2)
L =
e
2
H
M
1
2j(j + 1)
{
j(j + 1)− 3
4
+ l(l + 1)
m+ εa
2m
+(2j − l)(2j − l + 1)m− εa
2m
− κ2m
2 − ε2a
m2
}
mj . (112)
For the sum ∆EL = ∆E
(1)
L +∆E
(2)
L , we find
∆EL =
e
2
H
M
2κ2ε2a + κmεa −m2
2m2j(j + 1)
mj . (113)
The related contribution to the g factor is
∆gL = −m
M
2κ2ε2a + κmεa −m2
2m2j(j + 1)
. (114)
To the two lowest orders in αZ, we have
∆gL = −m
M
1
j(j + 1)
[
κ2 +
κ
2
− 1
2
−
(
κ2 +
κ
4
)(αZ)2
n2
]
. (115)
For an ns state, formula (114) yields
∆gL = −m
M
2
3
2ε2a −mεa −m2
m2
, (116)
while formula (115) gives
∆gL =
m
M
(αZ)2
n2
. (117)
Formula (117) agrees with the related result obtained for the 1s state in [20–23].
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VI. CONCLUSION
In this paper we formulated the systematic QED method for calculations of the nuclear recoil corrections to the
energy levels and to the electronic g factor in atoms to first order in m/M and to all orders in αZ. Employing this
method, we derived the complete αZ-dependence expression for the recoil correction to the bound-electron g factor
in a hydrogenlike atom (equations (73),92)). This expression was also represented as the sum of the lower-order and
higher-order terms (equations (76)-(78), (93)-(95)). The lower-order term contains all the non-relativistic and lowest-
order relativistic contributions and a part of the higher-order corrections. For an arbitrary state of a hydrogenlike
atom, a simple analytical formula was derived for this term (equation (113)). As to the higher-order term, we expect
that its numerical evaluation can be performed in the same way as the evaluation of the related contribution to the
energy levels [38–40]. This calculation, which is equally important for low- and high-Z systems, is under way and will
be published elsewhere.
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